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Abstract 
It is a common observation that toll plazas on highways act as bottlenecks as the vehicles need to stop or at least slow down to pay 
the toll. In order to improve the design of toll plazas one needs to understand and analyse the queuing process at these facilities. One 
of the key inputs for such an analysis is how drivers choose toll-lane. In this paper a random-coefficients based multinomial logit 
model has been proposed to model the toll-lane choice behaviour of the drivers at a toll plaza. The model has been calibrated using 
toll-lane choice data collected in India. The numerical simulation technique used for estimating the mixed logit model is Halton 
sequence based Quasi-Monte Carlo method and the optimisation algorithm used to search for the parameter estimates which 
maximise simulated log likelihood is trust region method. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of International Scientific Committee. 
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1. Introduction 
Toll plazas on highways usually act as bottlenecks in the free flow of traffic. In order to minimise the delays caused 
by them, one needs to understand the several processes occurring at a toll plaza. An important process at toll plaza is 
the queuing process. A key input for the analysis of the queuing process is how drivers select a toll-lane. The toll-lane 
choice process at a toll plaza is a discrete choice problem and could be formulated using logit model. However, 
identical conditions may have varying influence on individuals because of the variation in individual taste. Thus a 
random-coefficient based mixed multinomial logit model has been proposed in this paper to formulate the toll-lane 
choice behaviour. The mixed logit probability is numerically simulated using Halton sequence based Quasi Monte 
Carlo method. This method simulates the multidimensional integral in the choice probabilities using a sequence of 
pseudo-random points. The optimisation algorithm used in this paper to search for the maximum likelihood estimates 
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of the utility parameters is trust region method. It is an algorithm that maximises the objective function iteratively using 
gradient and Hessian information of the objective function.  
 
In this paper the mixed logit model has been calibrated using toll-lane choice data for 450 automobile drivers 
collected at a toll plaza located on Delhi-Gurgaon road (NH 8) in India. The paper is divided into seven sections of 
which this is the first. The second and the third sections briefly discuss mixed logit models and their calibration. 
Section 4 describes the data used to develop the mixed logit model for toll-lane choice behaviour. Next, the proposed 
models are introduced. Section 6 presents the results from the calibration process. The last section concludes the paper 
by highlighting the contributions. 
 
2. Mixed logit 
 
The systematic utility function of a mixed logit model assumes that one or more of the coefficients (representing the 
impact of various variables on the utility) are random variables distributed according to some user-specified density 
function. These random coefficients are better equipped to represent the variability in the individuals of a population in 
terms of the importance they give to various factors contributing to utility of an alternative. For more details on mixed 
logit models the reader may refer to Train (2009). Here a small description is provided.  
 
If one assumes that the coefficients (parameters) are normally distributed then the probability that Individual i will 
choose Alternative j is given as (Bhat et al., 2008): 
 
                                            (1) 
 
where  is a vector of the distribution parameters of random utility coefficients defined as ( 1 2 Q 1 2
Q), Xijq is the qth observable variable for Individual i and Alternative j, siq is a standard normal variable, C is the 
choice set for each Individual i (in the current problem the choice set remains constant over all the individuals), and 
(.) represents the standard normal cumulative distribution function. The mixed logit choice probabilities are difficult 
to calculate because of the multidimensional integral. Therefore numerical simulation methods are used to calculate 
these integrals. The next section describes the methodology adopted in this paper to obtain the estimate of the mixed 
logit model parameter vector, . 
 
3. Model estimation 
 
The analytically intractable multidimensional integral of the mixed logit choice probabilities are numerically 
simulated. In this paper a Halton sequence based Quasi Monte Carlo simulation method has been adopted as 
recommended by Bhat (2001). Quasi Monte Carlo method simulates the choice probability given in Equation (1) using 
a pseudo-random sequence called Halton sequence (Train, 2000). The variable siq in the integrand of Equation (1) is 
assigned a random value and the integrand is calculated at this value. This process is then repeated R times, i.e., a 
random value is assigned to siq for each r = 1, 2, ..., R (say, siqr) and the corresponding integrand value is calculated. 
The mixed logit choice probability Pijm given in Equation (1) is calculated by averaging the obtained integrand values 
at each siqr. Note that the multivariate standard normal points siqr are generated by applying standard normal inverse 
cumulative distribution transformation on the Halton draws (which are uniformly distributed in the interval (0,1)). The 
simulated mixed logit choice probability is given as: 
                                                           (2) 
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According to the strong law of large numbers, as R tends to infinity, SPijm tends to Pijm.   
 
Once the Pijm or SPijm are obtained, the likelihood of obtaining a given sample is obtained as the product of the 
individual choice probabilities. The log of the simulated likelihood function is defined as: 
 
                                              
                                                       (3) 
 
where I is the total number of individuals, dij is 1 if, as per the data, Individual i selects Alternative j, and is 0 
otherwise. The model parameter estimate  is obtained by maximising the simulated log likelihood SLL ( ) with 
respect to the elements of the vector . The algorithm used in this paper for estimating the maximum likelihood 
estimate is the trust region method. Trust region method is an iterative method which finds a local optimum at every 
iteration by optimising an approximate form of the objective function mk(x) (usually a quadratic Taylor series 
approximation) within a subspace of the domain of optimisation called the trust region. The trust region is defined as: 
 where  is called the trust region radius and  is an iteration dependent norm. 
Given a trust region Bk and a model mk, a trial step sk is computed to a trial point (xk + sk) with an aim to obtain an 
increase in the model mk while satisfying the bound . The value of the objective function is then computed 
at this trial point (xk + sk) and compared to the value predicted by the model at this point mk (xk + sk). Here another 
variable  is defined to compare the increase in the objective function (SLL) to the increase in the model (mk): 
 
 
 
If the approximate function behaves akin to the objective function, the region is expanded. However if the 
approximation is poor, the region is shrunk. The radius of the trust region, , is updated as follows: if ,  is 
assigned a value in , if ,   is assigned a value in , and otherwise a value from the 
interval  is assigned to  Where the constants satisfy  and 
. For a detailed description of the trust region methods, readers are recommended to read Conn et al. (2000). 
 
An informal goodness of fit index introduced by McFadden (1973) called Likelihood ratio index is used in this 
paper to test the goodness-of-fit of the proposed mixed logit model. The likelihood ratio index for mixed logit model is 
defined as: 
 
where  is the value of simulated log likelihood function at the estimated parameters , and  is the value 
of simulated log likelihood function when all parameters are assumed to be zero. Models with higher  value are 
considered to be a better fit. 
 
4. Overview of data 
 
The data used in this paper for the calibration of mixed logit model is a revealed preference data collected by 
Dubedi et al. (2012). The data was collected at a toll plaza with five manual toll-lanes and located on National 
Highway 8 connecting Delhi to Gurgaon. Two video cameras were mounted at a height of 15 m from the ground at a 
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distance of 100-130 m from the toll plaza based on the initial observation that drivers generally made their decision at 
around this distance. The data extracted from the videos consisted of: composition of the queue present at each toll 
booth (in terms of number of automobiles and heavy vehicles standing in the queue) when an approaching automobile 
is at a distance of 100-130 m from the toll plaza, the final toll-lane choice made by the automobile driver, and the 
approach lane or the lateral location of the automobile when it is 100-130 m upstream of the toll plaza. The data is 
collected for 450 automobile drivers. Further, the toll-lanes were identical in all respects and there are no exits within 1 
km downstream of the toll plaza. 
 
5. Developing the model 
 
Based on earlier studies and the observations made by the authors, the following factors are found to be important 
determinants of the toll-lane choice process at toll plazas: queue length present in the toll-lane, number of heavy 
vehicles in the toll-lane, and the number of lane changes required to reach a particular toll-lane. Dubedi et al. (2012) in 
an earlier paper had proposed a multinomial logit formulation for the toll-lane choice process. In that paper, the 
following systematic utility function was proposed: 
 
 
 
where Vij is the systematic utility derived from the jth toll-lane by Individual i; qij is the queue length (in number of 
vehicles) present in the jth toll-lane when the ith individual is approaching the toll plaza; hvij is the number of heavy 
vehicles present in the jth toll-lane when the ith individual is approaching the toll plaza; lij is the number of lane changes 
required to reach the jth toll-lane by the ith individual;  are the parameters associated with the attributes qij, 
hvij, lij, respectively; these are expected to be negative. Further, Dubedi et al. (2012) assumed them to be the same for 
all individuals in a population. 
  
This paper proposes four different functions for the systematic utility. The forms are motivated to some extent by 
model in 
that the coefficients in the proposed model are assumed to be random. The four proposed models are shown in Table 1. 
Model M-00 has the same form as the one proposed by Dubedi et al. (2012) with the expected negative signs now 
explicitly stated (hence, 1 2 3 are all positive). Model M-01 has the same basic form as M-00 except that lij has a 
unit exponent. The reason for introducing this model is that although Dubedi et al. (2012) gives convincing reasons for 
using  and  the reasoning for using a second order exponent for lij is not quite clear.  
 
Past researchers like Zarillo and Radwan (2009), Dubedi et al. (2012) and the present authors believe that 
individuals may perceive queue lengths in terms of length units rather than number-of-vehicles. Thus, models M-10 
and M-11 are proposed. These models are similar to M-00 and M-01 but use the following definition of queue length 
(in terms of length units): 
 
 
 
where qij,1 is the queue length (in terms of length units) present in the jth toll-lane when the ith individual is approaching 
the toll plaza, SVL is the small vehicle length, HVL is the heavy vehicle length, and BL is the buffer length or the 
average distance between the vehicles. Based on a survey of the different vehicles arriving at the toll plaza studied 
here, the value of SVL is taken as 4 m and HVL is taken as 8 m. BL was also determined from the data as 1 m. Note that 
the variable corresponding to the number of heavy vehicles is eliminated in models M-10 and M-11 as its influence is 
incorporated in the definition of queue length. 
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 Table 1: Proposed utility functions 
 
Model Model Description 
M-00  
M-01  
M-10                 
M-11  
 
6. Results 
 
The revealed preference toll-lane choice data for automobile drivers described before is used here to estimate the 
distribution parameters of the random utility coefficients for the functions given in Table 1. The estimates are obtained 
using trust region method as explained before. The Trust Region Reflective Algorithm routine provided in the 
Optimization Toolbox of Matlab version 7.9.0.529 (The Mathworks, USA) is used to estimate the model parameters. 
The estimates were obtained using 20 different random starting points. The results have been presented in terms of the 
best estimate (which is the estimate corresponding to the maximum of the 20 estimated maximum likelihood values), 
average estimate (which is the average of the 20 maximum likelihood estimates obtained), and the standard deviation 
of the 20 maximum likelihood estimates obtained. The variable SLL denotes the simulated log likelihood value and N 
denotes the number of log likelihood function evaluations taken to find the maximum likelihood estimates. These 
results for the four proposed utility functions are given in Table 2. 
 
 
 Table 2: Maximum likelihood estimates of the distribution parameters ( q q) of random utility coefficients 
 
Model 
 
Result Type 
 
1 
 
2 
 
3 
 
1 
 
2 
 
3 
 
SLL 
 
N 
 
M-00 Best 3.44 0.30 1.70 2.68 0.16 0.81 -549.56 473 
Average 3.46 0.31 1.71 2.70 0.16 0.84 -549.61 585.10 
Std dev 0.04 0.00 0.02 0.05 0.00 0.04 0.00 142.55 
M-01 Best 3.11 0.88 1.65 2.24 0.32 0.90 -562.25 473 
Average 3.13 0.89 1.66 2.26 0.33 0.92 -562.28 406.56 
Std dev 0.02 0.01 0.01 0.03 0.01 0.03 0.00 104.82 
M-10 Best 1.85 0.30 - 1.15 0.14 - -547.73 336 
Average 1.87 0.31 - 1.17 0.14 - -547.75 367.50 
Std dev 0.01 0.00 - 0.01 0.00 - 0.00 155.28 
M-11 Best 1.62 0.85 - 0.93 0.08 - -563.21 672 
Average 1.63 0.86 - 0.93 0.13 - -563.23 270.90 
Std dev 0.01 0.01 - 0.00 0.04 - 0.00 122.72 
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The fitness of the proposed utility functions were tested using two criteria: (i) McFadden's likelihood ratio index,  
described before, and (ii) Probability < 0. The second criterion is introduced because of the assumption that  s are 
positive and hence a high probability of these being negative is an aberration and reflect poorly on the choice of the 
model. The  values and the P( < 0) for the proposed models are shown in Table 3. 
 Table 3: McFadden's 2-statistic and P( i< 0) values for the proposed models 
Model  
 
P( i< 0) 2 
 1 2 3 
 
 
M-00 0.10 0.03 0.02 0.24 
M-01 0.08 0.00 0.03 0.22 
M-10 0.05 0.02 - 0.24 
M-11 0.04 0.00 - 0.22 
 
The 2 values shown in Table 3 are more or less comparable for all the models. However, since models M-00 and 
M-01 contain an additional variable as compared to models M-10 and M-11, they are expected to give higher 2 
values. Further P( i< 0) is reasonably high for M-00 and M-01 and hence they are considered inferior. The values 
P( i< 0) are lesser for M-11 than those in M-10 and the functional form of Vij in model M-11 is marginally simpler due 
to the unit exponent of lij; hence model M-11 is selected over M-10. The density functions corresponding to the 
parameter estimates obtained for model M-11 are presented in Figure 1. 
 
The estimated coefficients for M-11 throw some insight into the choice behaviour of automobile drivers at toll 
plazas. The estimates show that queue length has a greater impact on the toll-lane choice made by the individuals as 
compared to lane change. However, the impact of queue length is observed to vary considerably among individuals 
while the impact of lane change seems to be quite similar among the different individuals of a population. A possible 
explanation for this large variation in the coefficient of queue length is possibly the inability of individuals to 
accurately order queues by their lengths when the lengths are close. On the other hand the coefficient for lane change 
has lesser variability because individuals can easily order toll-lanes by the number of lane changes they require.  
 
This variability in the quality of perception of qij,1 and lij is but one possible reason for 1 being much larger than 
2. Of course, what the difference in 1 and 2 also show is that individuals have a much larger taste variation when it 
comes to queue length than lane change. Another point that must be mentioned is that although the previous 
description pertains to M-11 estimates, they are, in broad terms, also applicable for the estimates of the other models. 
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Fig. 1: Estimated density functions of random utility coefficients 1 and 2 for model M-11 
 
This hypothesis of perception limitations while evaluating queue lengths can also be extended as a reason why the 
density function for 1 has a non-zero P( i< 0). For example, drivers may sometime perceive marginally longer queue 
length as shorter and vice-versa. Such errors in perception may lead to data where one observes drivers choosing toll-
lanes with longer queues. This then will translate into the coefficient 1 being negative for a certain proportion of the 
population. 
 
Notwithstanding the reasons put forward for why P( i< 0) may occur, analysis was done by constraining the utility 
coefficients to be strictly non-negative; this was achieved by assuming them to follow the lognormal distribution. The 
parameter estimates under the lognormal assumption are: 1 = 1.85, 2 = 0.86, 1 = 1.58, 2 = 0.05, where k and k are 
the mean and standard deviation of the lognormal distribution. The results obtained are compared with the results for 
normal distribution. The comparison is presented in Figure 2.  
 
  
Fig 2: Comparison of the density functions of 1 and 2 for normal and lognormal distribution assumptions 
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As seen in figure, the lognormal density function for 2 is normal-like but that for 1 is highly skewed. Given the 
large skew in the estimated lognormal density function it is felt that the same cannot be defended as the coefficient 1 
represents variations in human population which are better approximated through the symmetric normal distribution. 
Hence the idea of using lognormal density function for the coefficients is rejected. A better way to estimate strictly 
non-negative coefficients can be through the use of constrained normal density functions. Under such an assumption 
the maximum likelihood estimate can be determined from among those normal distributions which give low 
probabilities of i < 0.  
 
Given the above results and the discussions, it is felt that M-11 model with normal coefficients as estimated in 
Table 2 should be used to represent the choice behaviour of automobile drivers at a toll plaza. 
 
7. Summary and conclusion 
 
The objective of this paper is to understand how people choose toll-lane at toll plaza. It is felt that such an 
understanding will help analyse the queuing process and delays at toll plazas better, thus, helping in evolving better 
design principles for toll plazas.  
 
A mixed logit model for the toll-lane choice behaviour is proposed in this paper. The reason for using a random 
coefficient discrete choice model is that observations on the choice processes are obtained for a population of drivers 
and hence models which can reflect taste variations in the population are more suitable. Four candidate utility 
functions are proposed. Based on the analysis with the data on toll-lane choice behaviour of 450 automobile drivers, 
one of the four models is recommended. The analysis shows that queue length (in length units) and the number of lane 
changes that an automobile driver has to make in order to reach a toll-lane are the primary influencing factors in the 
choice of a toll-lane. The analysis also shows that queue length plays a more important role than the number of lane 
changes while driver decides on a toll-lane. It is also observed that the way queue length is perceived has a larger 
variability among individuals as compared to the way number of lane changes is perceived. 
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